Elastic precession of electronic spin states in interacting integer
  quantum Hall edge channels by Venturelli, Davide & Feinberg, Denis
Elastic precession of electronic spin states in interacting integer
quantum Hall edge channels
Davide Venturelli1,2 and Denis Feinberg1
1Institut NEEL, CNRS and Universite´ Joseph Fourier, Grenoble, France,
2NEST, Scuola Normale Superiore and Istituto Nanoscienze-CNR, Piazza San Silvestro 12, I-56127 Pisa, Italy
PACS 72.25.-b – Spin polarized transport
PACS 71.10.Pm – Fermions in reduced dimensions
PACS 85.35.Ds – Quantum interference devices
Abstract – We consider the effect of Coulomb interactions in the propagation of electrons, pre-
pared in arbitrary spin states, on chiral edge channels in the integer quantum Hall regime. Elec-
trons are injected and detected at the same energy at different locations of the Hall bar, which
is modeled as a chiral Tomonaga-Luttinger liquid. The current is computed perturbatively in the
tunneling amplitudes, within a non-crossing approximation using exact solutions of the interacting
Green’s functions. In the case of different channel velocities, the spin precession effect is evaluated,
and the role of interaction parameters and wavevectors is discussed.
Introduction. – During the last few years the prop-
erties of chiral and adiabatic transport of Integer Quan-
tum Hall edge states (IQHES) in 2-Dimensional Electron
Gases have been employed for implementation of quantum
interferometers: devices meant to test quantum coherence
and to be possibly exploited for quantum information pur-
poses [1, 2].
Recent results on the control over transport through
quantum dots (QD) allowed exceptional experimental
opportunities such as time-resolved single-electron in-
jection [3], or energy-resolved emission [4] and detec-
tion [5] on IQHES. In addition to the control of sin-
gle charge transport, static spin manipulation on spin-
resolved IQHES has been experimentally shown using ar-
rays of micromagnets [6], and there is a theoretical pro-
posal to rotate spin states using spin-orbit coupling [7].
This preparation of electronic wavepackets of arbitrary
spin state (i.e. delocalized over spin-resolved channels) in
IQHES clears the path towards the realistic implementa-
tion of the first controlled mesoscopic spin interferometer.
Spin-interferometry is a famous example of fundamental
coherence effects in quantum mechanics, which so far has
been experimentally controlled only in neutron time-of-
flight experiments, despite some theoretical proposals in
mesoscopic systems [8].
In this work we theoretically analyze energy-resolved
and spin-resolved transport between two tunnel contacts
over a finite region of an interacting spinful chiral electron
liquid, effectively studying a problem of spin interference.
While the essential physics of IQHES is captured by a
single-particle scattering approach, considering Coulomb
interactions is essential in order to describe the energy-
dependence of transport observables [9] and dephasing at
low temperature [10].
We study interaction effects in the framework of the
spinful chiral Tomonaga-Luttinger model (CTLM), which
exhibits remarkable non-Fermi-liquid behavior such as
fractionalization of excitations. This model for IQHES
is justified on general theoretical basis [11], it is directly
corroborated by several experimental hints, and it has
been recently successfully employed to provide elements
of understanding of the energy dependence of visibility in
electronic Mach-Zehnder interferometers [12] and for non-
equilibrium edge state equilibration [13].
The transport model. – Given the previous consid-
erations, we can write the Hamiltonian of an interacting
Hall bar in second quantization as a sum of a free part
H0edge and an interacting part H
int
edge. The free Hamilto-
nian features two quasi-particle modes with linear disper-
sions and non-zero difference between their Fermi veloci-
ties vσF=vF + σδv and their wavevectors k
σ
F=kF + σδk
H0edge =
∑
σ,k
~vσF (k − kσF )aσ(k)†aσ(k) , (1)
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where σ =↑, ↓≡ (+1,−1) and the aσ(k)/a†σ(k) are oper-
ators which annihilate/create electrons with a given mo-
mentum k and spin σ. This spin dependence of the pa-
rameters has a crucial effect that can be traced back to the
entanglement between the orbital and spin degrees of free-
dom in IQHES: the two spin components acquire a phase
difference during propagation due to the channel asymme-
try. By measuring the spin state after propagation, this
effect results in a spin precession around the axis of quan-
tization (see fig.1c), whose period in space λX depends on
the energy  of the particle:
λX = pi
[(
δk + δv/
(
v2F − δv2
))]−1
. (2)
Coulomb interactions between the two chiral 1D chan-
nels are included in the framework of the CTLM as local
density-density terms between electrons of the same spin
(w) or with different spin (u) (g4‖ and gg⊥ terms in the
usual g-ology notation [14])
Hintedge ∝
∑
σ,k>0
[w ρσ(k)ρσ(−k) + u ρσ(k)ρ−σ(−k)] , (3)
where ρσ(k) =
∑
q a
†
σ(q)aσ(q + k) are density fluctuation
operators, which follow a Bose statistics. This form of
the interaction allows to diagonalize the Hamiltonian by
bozonisation, so to have analytical results for the prop-
agators [15]. This is equivalent to a diagrammatics that
can be resummed exactly [16] as we will exploit in the
following.
The idealized setup (shown in fig.1a) consists of two
noninteracting QDs which are weakly tunnel-coupled to
two spin-resolved IQHES. These are maintained at the
same chemical potential F by strong coupling with dis-
tant grounded ohmic contacts. QDs are in contact with
non-interacting electron reservoirs at chemical potential
µR and µL so that we can define a steady state tunneling
current ILR from the left lead to the right lead, passing
through the QDs L and R, and the edge channel. The
QDs are tuned so as to provide single resonant energy lev-
els L and R in the transport window of the system (see
fig.1b), so that they can be described by the Hamiltonian
Hdi = id
†
idi, where di are fermionic operators represent-
ing the charge occupation of the level of the QD i = L,R.
By setting µR = F and eV > F , because of chirality
the only nonzero current in the system will be originated
from dot L and will be drained either by the reservoir of
dot R or by the distant ohmic contact 2. We are interested
into the current passing through the right QD, defined as
IR = e
d
dt
(
d†RdR
)
= ILR. By including the spin into the
picture, the energy of the resonant levels i=R,L becomes
spin-resolved (i↑ = i↓ + ∆) due to Zeeman energy and
Coulomb charging energy so that a single spin projection is
allowed in the transport window (say ↓), while transport
of ↑ (possible in principle through cotunneling) is expo-
nentially suppressed at low temperature and for large ∆.
We now imagine that it is experimentally possible to ori-
ent the magnetic field acting on the dot along an arbitrary
Fig. 1: (color online) a) Planar view of the four-terminal de-
vice, reservoirs are Ohmic contacts 1,2 and the shaded regions
under the QDs L,R are the reservoirs. Contacts 1,2 are in-
tended to be very far from L,R, ideally at infinity, and they
are grounded. Only the reservoir connected to L is biased with
respect to the ground. White arrows indicate the only non-
compensated electronic currents. b) Energy level view of the
transport experiment. Zoom inset: the tilted arrows represent
the magnetic fields in the dots. c) Schematics of the transport
experiment. Wiggled lines represent intra-edge interactions w
and inter-edge interactions u.
direction in space (defined by Euler’s angles θ and φ). The
energy levels would be eigenstates with respect to the new
spin direction |↗〉 = cos ( θ2) |↑〉 + eiφ sin ( θ2) |↓〉; only an
electron with spin state (θi, φi) and energy i would be al-
lowed to tunnel through the QD and contribute to IR. By
fixing L = R =  > F and θL = θR = θ this gedanken
situation would define the spin-resolved, energy-resolved
steady state transport problem object of this work.
The complete setup is formally reproduced by the fol-
lowing model Hamiltonian
H = HdR +H
d
L +H
Res
R +H
Res
L +HTR +HTL +
+ HTER +H
TE
L +Hedge , (4)
where the tunneling term transmitting a spin-projection
through the aforementioned mechanism is written as
HTEi = ti
[∑
σ
V σi ψσ(xi)
]
d†i + h.c. , (5)
where V ↑i = cos
θ
2 and V
↓
i = sin
θ
2e
iφi represent the spin
projection in the direction fixed by the fields in the QD,
and ψσ(xi) is the wavefunction of an electron at posi-
tion xi in the IQHES, Fourier transform of aσ(k) oper-
ators defined in Hedge previously discussed. The reser-
voir Hamiltonians HResi =
∑
k (k − µi) c†kck and HTi =∑
k
(
Tkc
†
kdi + T
?
k d
†
i ck
)
are just free Fermi liquids (elec-
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tronic operators ck), tunnel coupled (by means of tunnel
amplitudes labeled Tk) to the QDs.
We need to point out that within the present technol-
ogy, it is not realistic to have local and strong magnetic
fields such as to define a proper arbitrary basis in the
QDs. In our setup such strong static fields have been in-
troduced aiming at a simple treatment of the electronic
transport. Injection and detection of single electrons over
co-propagating IQHES is also a subtle technical point, as
standard quantum point contacts usually work in the adi-
abatic transmission regime. We expect nevertheless that
the desired coupling might be achievable by employing
suspended tunneling tips over surface electron gases [17]
or perhaps with single-electron turnstiles [18]. We also
note that it is now possible to prepare locally an elec-
tronic spin state in QDs [19], and to measure its spin state
by means of spin-dependent tunneling rates [20, 21]. Re-
cently it has also been shown in experiments that single-
electron manipulation in a QD can in principle be fol-
lowed by propagation of the single electron over a chiral
1-dimensional channel and by detection and trapping in
a second QD [22]. Concerning the charge degree of free-
dom, our setup could be thought as the steady-state ver-
sion of these experiments, using IQHES instead of surface
acoustic waves in order to enforce the chirality of trans-
port. Keeping in mind these technological considerations,
we can assess our transport calculation as an approxima-
tion of a time-dependent transport procedure hopefully
achievable in the near future.
Calculation of the current. – We will now com-
pute the current IR in lowest-order perturbation theory
in the tunneling amplitudes tL and tR. Following com-
mon non-equilibrium Green’s functions (GF) approaches
for tunneling in mesoscopic devices we write the steady-
state current through the detector QD (at position xR)
as
IR = − e
h
|tR|2
∑
σσ′
V Rσ V
R∗
σ′
∫
dω
2pi
[F<σσ′(xR, xR; ω)g
>
R(ω)] .
(6)
where F<σσ′(xR, xR; ω) is the time Fourier transform of
the GF 〈ψ†σ(xR, t)ψσ′(xR, t′)〉, and g>R(ω) is the analogous
GF of the QD operators. By means of the fluctuation-
dissipation theorem, g>R(ω) is proportional to the product
of the inverse QD occupation function 1 − fR(ω) and a
sharp density of states ρRδ(ω−~−1) (note that g<R(ω) = 0
for ω > F in our setup, since fL(ω > F ) = 0). F
<
σσ′ must
be expanded at order |tL|2 in order to take into account
the effects of the injection at position xL. We choose to
compute this expansion by observing that F<σσ′(xR, xR; ω)
can be in principle obtained from the time-ordered GF on
the Keldysh contour GT = 〈T ψ†(xR, τ)ψ(x′R, τ ′)〉 by ana-
lytical continuation (Langreth’s Theorem) [23]. In terms
of the total self-energy of the system Σ<tot(x¯, x¯
′;ω), the
steady-state quantum kinetic equations take the standard
Fig. 2: a) ΣtL is a point-like elastic diagram in x-ω repre-
sentation. Σint can be expanded in diagrams containing the
interaction propagators (both u and w interactions contribute,
represented as wiggle lines). Σcr contain both kind of vertices.
b) Expansion of F<σσ′(xR, xR; ω) at order |tL|2 with the NCA.
Thick fermionic lines represent G, dressed by Σint
form [24]
G<(xR, xR) =
∫
dx¯dx¯′G+(xR, x¯)Σ<tot(x¯, x¯
′)G−(x¯′, xR) ,
(7)
where G+/G− denote fully-dressed retarded/advanced
GFs (we omitted the σ ad ω-dependence of the functions).
These functions can be easily evaluated since they obey
an equilibrium Dyson equation. They do not get renor-
malized by tunneling, as chirality implies that G−(G+) is
zero if evaluated for positive(negative) distances, so they
are the fully-interacting GFs of the CTLM, which we de-
note G+/−. All the difficulty lies in evaluating the total
self-energy which, in terms of diagrams, is derived through
the irreducible (with respect to a cut of fermionic lines)
contributions obtainable with both the interaction vertices
w and u and tL. This is a cumbersome task, as the exact
result consists of difficult time-integrations and Fourier-
tranforms of combinations of two-particle correlation func-
tions in time and space domain, as already recognized in
similar two-site tunneling problems [25]. We decide then
to employ a non-crossing approximation (NCA) on the to-
tal self-energy, by stating that Σtot ' (ΣtL + Σint). The
first part of the self-energy is the tunneling self-energies
due to the coupling to the QD at xL. In particular,
Σ<tL(σ, σ
′, ω)=V Lσ V
L∗
σ′ g
<
L (ω) [24]. The second term is the
self-energy due to Coulomb interactions. The exact solu-
tion with Σint alone os given by the bosonization and the
GF G+/−. The NCA consists in neglecting a third term
Σcr which represents the crossed diagrams between the
tunneling and the interaction vertices (see fig.2a). If this
approximation is employed, the final result takes the form
of the noninteracting Fisher-Lee formula for the current
where the retarded GF are now fully interacting
IR =
e
h
|tR| |tL|2 ρRρL
∑
σ′σ
Γσ′σG+σ′(X; )
[G+σ (X, )]∗ (8)
where X = xL − xR (see fig.2b) and Γσ′σ =
V σR (V
σ′
R )V
σ′
L (V
σ
L )
∗. We note that in the inelastic regime
(L 6= R) the NCA would not give any contribution: the
energy-relaxing terms are not captured in this approxi-
mation. We also note that the recovery of a Landauer-
Bu¨ttiker-like formula for the current is an exceptional case
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which is usually never valid for many-body treatment of
Coulomb interacting systems, as it has been shown ex-
tensively for transport through QDs [26]. Conceptually
the NCA consists in neglecting the (virtual) interplay of
injection/detection and interactions, and to consider its
effect only on the propagation region, in which is similar
to other approximations recently used for interacting elec-
trons in interferometers or quantum wires [27]. Although
in the CTLM for local interactions the evaluation of some
corrections is possible (we can show that all correction dia-
grams are small for sufficiently long distances), ultimately
the justification of eq.8 for extended propagation regions
should lie in the chirality of the system, in the filtering of
the elastic signal, in the weak-tunneling regime, but it is
independent on the model of the interactions, as long as
they are sufficiently local.
In order to compute the currents, we turn to the CTLM
with local interactions. We analytically found by direct
integration of the well-known GF in space/time [28] the
Fourier transforms of G<σ (x, ω) for positive energies. In
terms of Confluent Hypergeometric Functions (sending all
regularization cut-offs to zero) we obtained
G>σ (x, ω) =
iΘ (ω)
2pi
e
i[kσF+ω(
1
v− )]xΦ[
1
2
+σδ, 1, ixω(
1
v+
− 1
v−
)]
(9)
where Φ (a, b, z) is Kummer’s function [29] and the
velocities of the new bosonic eigenmodes are v± =
v¯ + wpi ± 12
√
4δv2 + u
2
pi2 , where v¯=(v
↑
F+v
↓
F )/2 and
δ=sin[arctan(piδv/u)]/2 encodes the spin-asymmetry. For
δ = 0 the GF reduces to a Bessel function featuring exact
spin-charge separation and for δ = 1/2 (u=0) we obtain
two spin-decoupled GF, i.e. independent spin-polarized
Fermi liquids. The spin dependence enters as a phase of
G>(x, ω). In the analytical form of Φ there is a functional
equivalence between ω and x, so its algebraic decay is the
same for energy and distance.
Spin precession. – The velocities of spin-resolved
IQHES have been measured to be of the order of 105ms−1,
and the propagation distances for coherent transport in
nanostructures can be as high as hundreds of microns [2].
It is very hard to have a realistic idea on what might be
δv in interacting models, as the bands are heavily influ-
enced by the interactions [30]. We note however that the
use of top gates for selective addressing and manipulation
of IQHES necessarily separates in space the edge trajec-
tories of the two spin-components. In the adiabatic non-
interacting limit δv can be estimated to be roughly propor-
tional to second derivative of the confinement potential,
i.e. non-zero for effective smooth confinements which are
at least parabolic. In the following, we will consider the
test-case of a deviation of about 5% from the average value
v¯. Estimating the CTLM parameters of intra-edge inter-
action w and inter-edge interaction u is another important
problem in interacting IQHES, object of intense theoreti-
cal and experimental research. They are likely to be of the
Fig. 3: (color Online) a) maximum phase precession angle δφ
as a function of δk and X. b-d) represents cuts of plot (a) for
different wavevectors (thick line). The dashed line indicate the
non-interacting precession evolution whose period is described
by eq.2. e) current signal for δφ = 0 in the measurement
setup, corresponding to filtering the “up” spin projection in
the θ = pi/2 basis. The dashed line indicates the condition
λX = ∞ using eq.2 with the eigenmode velocities.
same order of magnitude [12] but their value depends on
details of the nanostructures such as the screening by the
metallic surrounding. As reasonable working conditions
we take w ' u ' 0.7vF , zero temperature (i.e. kBT .
10−6eV , corresponding to a few tens of mK) and max .
~ωC ' 10−3eV in order to justify linear dispersion.
As an example we fix θ = pi/2, which means that we are
symmetrically coupled to both spin channels on the Hall
bar (i.e., we are transporting spin qubits on the cartesian
x direction on the Bloch sphere). The transmission coeffi-
cient of this spin state will oscillate in δφ as
TX () =
1
2
[MX () + cos(δφ)ReFX ()− sin(δφ)ImFX ()]
(10)
where MX (ω) =
∣∣GRσ (X,ω)∣∣2 and FX (ω) =
GR↓ (X,ω)GR↑ (X,ω)∗.
Similarly to the tuning of the arm lengths in a Mach-
Zehnder interferometer, by filtering the proper precession
angle (which is a function of  orX) we could maximize the
current signal up to reaching the transmission of a single
spin-component along the z-axis (max TX() = MX()).
Although the phase acquired by means of wavevector dif-
ference has just an additive interplay with the energy-
dependent phase-shift their independent evolution gener-
ates a non-trivial precession in space. For instance, by
replacing vσF with the new velocities v± in eq.2 we obtain
indeed a new condition for which the precession could be
p-4
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frozen in principle (δk = ω(v+ − v−)/(v+v−)). However,
for u 6= 0 the phase difference cannot be locked as in the
non-interacting limit, since MX() necessarily oscillates in
space independently from the spin-asymmetry. More gen-
erally we might end up with a smoothly regular, irregular
or sharply-varying precession, which can be visualized by
plotting the φ-angle for which the transmission probabil-
ity is maximum as a function of distance, as in fig. 3a-d.
Besides the spectroscopic utility of this peculiar pattern,
in this slanted basis such rich behaviour could have very
practical application in the context of elastic flying spin-
qubit transport on edge channels. With proper tuning
of δk [6] we can in fact obtain ’square-wave’-like spin-flip
transitions (see fig. 3b), implying that the spin-projection
of the electron can be deterministically defined over hun-
dreds of nanometers.
Conclusions. – In conclusion, we studied a gedanken
experiment with IQHES subject to Coulomb interactions,
where difference in Fermi velocities enables a spin preces-
sion effect. We developed a non-crossing approximation in
order to compute the current relative to the elastic propa-
gation of a spin state as a function of energy and distance.
Understanding the precession of spin states complements
the general value of non-local tunneling spectroscopy for
analyzing the Coulomb interaction features of transport in
interacting IQHES and might result in useful application
for flying spin-qubits architectures.
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